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ON THE STICKINESS PROPERTY
ERHAN BAYRAKTAR AND HASANJAN SAYIT
Abstract. In [4] the notion of stickiness for stochastic processes was introduced. It was also shown that
stickiness implies absence of arbitrage in a market with proportional transaction costs. In this paper,
we investigate the notion of stickiness further. In particular, we give examples of processes that are not
semimartingales but are sticky.
1. Introduction
In [4], no arbitrage conditions for markets with proportional transaction costs were given. In the
framework of [4] an investor can invest in an asset X which is a ca´dla´g (a French acronym which means
right continuous with left limits), adapted, and quasi-left continuous process. The investor follows an
admissible strategy θ, which is an adapted left continuous process of finite variation and satisfies
Vt(θ) =
∫ t
0
θsdXs − k
∫ t
0
Xsd(Dθ)s − kXt|θt| ≥ −M
almost surely, for someM > 0 and all t > 0. Here, Dθ denotes the weak derivative of θ and |Dθ| is the total
variation of Dθ. Here Vt is the liquidation value of investors portfolio and k is the proportional transaction
cost. We say that an admissible strategy is an arbitrage on [0, T ] if VT (θ) ≥ 0 and P (VT > 0) > 0.
If Xt is sticky, [4] showed that there is no arbitrage with respect to e
Xt when there are transaction
costs. Let us recall the definition of stickiness from [4].
Definition 1. A progressively measurable process X is sticky with respect to the filtration F and the
probability measure P if for all ǫ > 0, T > 0 and all stopping times τ such that P (τ < T ) > 0, we have
that:
P
(
sup
t∈[τ,T ]
|Xτ −Xt| < ǫ, τ < T
)
> 0.
Stickiness is satisfied by any continuous process that has full support in the Wiener space (Proposition
4.1 of [4]), and also by a large class of Markov processes (Proposition 3.1 of [4]), including diffusions
and Le´vy processes. Then, by exploiting the characterization of the support of Gaussian processes, it
was shown that fractional Brownian motion (fBm) has full support in the Wiener space which implies
its stickiness. As a result when there are proportional transaction costs, even when the asset prices
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are modeled by geometric fBm, there is no arbitrage opportunity. (FBm modulated markets allow for
arbitrage if there are no transaction costs, see e.g. [1] and [9].) We should point out that introducing
other types of frictions into the market, in particular by putting suitable restrictions on allowable trading
strategies, we can have price processes that are not semimartingales but still have no-arbitrage in the
market (see e.g. [2] and [6]).
The purpose of our note is to study the notion of stickiness further and give other examples of processes
that are sticky. We will first show that continuous functions of stick processes remain sticky (see Propo-
sition 2). Next we show that bounded time changes of sticky processes remain sticky (see Proposition 3).
Using this result, we then prove a stickiness result for semimartingales (see Proposition 4). Thanks to
these results we are able to give examples of sticky processes that are not semimartingales. Therefore,
our examples allow for arbitrage in the frictionless markets, but do not allow for arbitrage in the markets
with transaction costs. Other papers, which give examples of processes satisfying no arbitrage conditions
in the markets with transaction costs include [5] and [3].
Throughout the paper we assume we are given a complete, filtered probability space (Ω,F , P,F =
(F)t≥0) satisfying the “usual hypotheses” (i.e., the filtration F is right continuous, and F0 contains all of
the P null sets of F).
2. Main Results
Before stating our main results, we give alternative formulations of stickiness. These formulations will
be useful in the proofs of our main results.
Proposition 1. Let X be a progressively measurable process with respect to the filtration F. Then the
following statements are equivalent
(a) X is sticky.
(b) For any bounded stopping time τ of F and any A ∈ Fτ with P (A) > 0, we have P (A ∩
{supt∈[τ,T ] |Xτ −Xt| < ǫ}) > 0 for any ǫ > 0 and any T ≥ τ a.s.
(c) For any bounded stopping time τ0 of F and any number δ > 0, the stopping time τ1 = inf{t ≥
τ0 : |Xt −Xτ0 | > δ} is unbounded on A for any A ∈ Fτ0 with P (A) > 0.
Proof. (a) ⇒ (b): Take any bounded stopping time τ and any T ≥ τ a.s. Let A ∈ Fτ with P (A) > 0.
Define τA = τ on A and τA = T on Ac. Then we have {supt∈[τ,T ] |Xτ − Xt| < ǫ, τ
A < T} ⊂ A ∩
{supt∈[τ,T ] |Xτ−Xt| < ǫ}. Now if P (τ
A < T ) > 0, then since X is sticky we have P ({supt∈[τ,T ] |Xτ−Xt| <
ǫ, τA < T}) > 0. If P (τA < T ) = 0, then τ = T a.s., so A ∩ {supt∈[τ,T ] |Xτ −Xt| < ǫ} = A. Therefore in
both cases we have P (A ∩ {supt∈[τ,T ] |Xτ −Xt| < ǫ}) > 0.
(b)⇒ (c): Let us assume that there exists a bounded stopping time τ0 and a real number δ > 0, such
that τ1 = inf{t ≥ τ0 : |Xt − Xτ0 | > δ} is bounded on some A ∈ Fτ0 with P (A) > 0. Then since X is
ca´dla´g we have that |Xτ1 −Xτ0 | ≥ δ on A. As a result, for any real number T with T > τ1 on A, we have
P (A ∩ {supt∈[τ0,T ] |Xt −Xτ0 | <
δ
2}) = 0.
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(c)⇒ (a): Let τ be any stopping time and T be any real number with P (τ < T ) > 0. Let A = {τ < T},
then A ∈ Fτ and P (A) > 0. Let τ
A = τ1A + T1Ac , which is a bounded stopping time. Now, for any
ǫ > 0, since τ1 = inf{t ≥ τ
A : |Xt − XτA | >
ǫ
2} is unbounded on A, we have that there exists A1 ⊂ A
with P (A1) > 0 such that supt∈[τA,T ] |Xt −XτA | < ǫ on A1; from which the result follows. 
Next, we show that stickiness is preserved under composition with continuous functions.
Proposition 2. Let X be a progressively measurable, ca`dla`g process that takes values on (a, b), for
a, b ∈ R¯ = [−∞,∞]. Let f be a continuous function on (a, b). If X is sticky, then f(X) is also sticky.
Proof. Let us first prove the statement when a, b are bounded. Due to the equivalence of (a) and (b) in
Proposition 1, we need to show for any bounded stopping time τ and any A ∈ Fτ with P (A) > 0, we
have that P (A∩{supt∈[τ,T ] |f(Xt)−f(Xτ )| < ǫ}) > 0 for any ǫ > 0 and T with τ ≤ T a.s. Since Xτ takes
values in (a, b) and P (A) > 0, for sufficiently large n0 ∈ N+, the event B = A ∩ {Xτ ∈ [a +
1
n0
, b − 1
n0
]}
has positive probability and B ∈ Fτ . The function f is continuous on (a, b), so it is uniformly continuous
on [a+ 1
n0
, b− 1
n0
]. This means that for a given ǫ, there exists δ0 > 0 such that whenever |x− y| < δ0 and
x, y ∈ [a+ 1
n0
, b− 1
n0
] we have |f(x)− f(y)| < ǫ. Let δ = min{δ0, 1/n0}. Since X has the sticky property,
we have P (B ∩ {supt∈[τ,T ] |Xt −Xτ | < δ}) > 0. Now as a result of the uniform continuity of f we have
that B ∩ {supt∈[τ,T ] |Xt −Xτ | < δ} ⊂ B ∩ {supt∈[τ,T ] |f(Xt)− f(Xτ )| < ǫ}, from which the result follows
since B ⊂ A. When a = −∞ and/or b =∞, the above proof can be adjusted by replacing a+1/n0 with
an ↓ −∞ and/or b− 1/n0 with bn ↑ ∞. 
Example 1. In [4], the stickiness of |Bt|, where Bt is Brownian motion, was explained by the strong
Markov property of the |Bt|. Using Proposition 2 the stickiness of |Bt| can be explained by the continuity
of x→ |x| and the stickiness of Bt.
Example 2. Let BHt be the fractional Brownian motion with Hurst parameter H ∈ [0, 1]. In [4], it was
shown that BHt is sticky with respect to its natural filtration. Proposition 2 can be used to conclude that
the process f(BHt ) is sticky for any continuous function f .
2.1. Time changed Sticky Processes. Our next result shows that the stickiness is preserved under
bounded time changes. We should mention that the boundedness of the stopping times is crucial as the
next example shows.
Example 3. Let {Bt} be the standard one dimensional Brownian motion. For s > 0, let Ts = inf{t ≥
0 : Bt = s} be the passage time of B to level s. It is well-known that {Ts} are unbounded stopping times.
And it is clear that the time changed process BTs = s is not sticky.
However, for bounded time changes we can state the following result:
Proposition 3. Let X be a continuous process that is progressively measurable and sticky with respect to
the filtration F. Let (νt)t≥0 be a family of F stopping times such that t→ νt is continuous, non-decreasing
almost surely. We also assume that νt is bounded almost surely for each t ≥ 0 and ν0 = 0. Let X˜t = Xνt,
and F˜t = Fνt, for t ≥ 0. Then X˜ is sticky with respect to the filtration F˜ = (F˜t)t≥0.
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Proof. Due to the equivalence of (a) and (c) in Proposition 1, we need to show for any bounded stopping
time τ of F˜ and any δ > 0, the F˜-stopping time θ = inf{t ≥ τ : |X˜t − X˜τ | > δ} is unbounded on each
A ∈ F˜τ with P (A) > 0. Assume the contrary, i.e., θ is bounded on some A ∈ F˜τ with P (A) > 0 and for
some δ > 0. Let θ0 = inf{t ≥ τ : |X˜t − X˜τ | >
δ
2}. Then, the F˜-stopping time θ0 is bounded on A since
θ is bounded on A. Let θA0 = θ0, τ
A = τ on A and θA0 = ∞, τ
A = ∞ on Ac. Choose a deterministic
number k such that the event A1 = {τ
A < k < θA0 } has positive probability. Such a number exists
because τA < θA0 on A. Also we have A1 ⊂ A and A1 ∈ F˜k. Since k < θ0 on A1, we have |X˜τ − X˜k| <
δ
2
on A1. Since |X˜θ − X˜τ | ≥ δ on A1 and |X˜θ − X˜τ | ≤ |X˜θ − X˜k|+ |X˜k − X˜τ | we have that |X˜θ − X˜k| >
δ
2
on A1. Since θ is bounded, νθ is bounded almost surely, and so the last fact implies that the stopping
time θ1 = inf{t ≥ νk : |Xt − Xνk | >
δ
2} is bounded on A1 − N ∈ Fνk (in which N is a null set), which
contradicts the stickiness of X (by Proposition 1). 
Example 4. Time changed fBm BHνt , for νt satisfying the assumptions of Proposition 3, admits arbitrage
opportunities in frictionless markets (see e.g. [1]). The above proposition tells us that the same model
does not admit arbitrage opportunities when there are transaction costs in the market.
2.2. Further Examples of Sticky Processes. Next we use Proposition 3 to state a stickiness result
for semimartingales. This result will then be used to construct sticky processes, which are not semi-
martingales. The following remark will be useful in the proof of this result.
Remark 1. It directly follows from Definition 1 that if a progressively measurable process X is sticky
with respect to a filtration F and G is a subfiltration of F and that X is progressively measurable with
respect to G, then X is sticky with respect to the filtration G. Also, if Q is an equivalent measure to the
original measure P , then the stickiness of X under P is equivalent to the stickiness of X under Q.
Proposition 4. Let X be a continuous (F, P )-semimartingale that admits an equivalent local martingale
measure Q. Assume that X0 = 0. Let f be a determinstic continuous function on [0,∞) with f(0) = 0.
If [X,X]t is bounded for each t > 0 and limt→∞[X,X]t =∞, then Xt − f([X,X]t) is sticky with respect
to the filtration F.
Proof. Due to Remark 1 we only need to show Xt − f([X,X]t) is sticky with respect to (F, Q). Let
Tt = inf{s ≥ 0 : [X,X]s > t}. Then since X is a continuous local martingale under Q, by Theorem 1.6 in
Chapter V of [8], Bt = XTt is an F˜t = FTt -Brownian motion under Q (The assumption limt→∞[X,X]t =
∞ was needed to apply this result). Since f is a continuous deterministic function null at zero, the process
Bt + f(t) is sticky with respect to
(
F˜t
)
t≥0
and Q (also see example 4.2 of [4]). We have the obvious
relation Xt + f([X,X]t) = B[X,X]t + f([X,X]t). Since [X,X]t is stopping time for the filtration (F˜t),
Xt+f([X,X]t) is a time change of Bt+f(t). So by Proposition 3, Xt−f([X,X]) is sticky with respect to
the filtration (F˜[X,X]t)t≥0. Now, we will show that F is sub-filtration of (F˜[X,X]t), i.e. for any A ∈ Ft, we
want to show that A ∈ F˜[X,X]t . This is equivalent to showing A∩{[X,X]t ≤ s} ∈ F˜s = FTs for all s ≥ 0.
And this is equivalent to showing A ∩ {[X,X]t ≤ s} ∩ {Ts ≤ u} ∈ Fu, for all s ≥ 0, u ≥ 0. But since
{[X,X]t ≤ s} = {Ts ≥ t}, all we need to show is A∩{Ts ≥ t}∩{Ts ≤ u} ∈ Fu. Since A∩{Ts ≥ t} ∈ FTs ,
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the result follows by the definition of σ-algebra FTs . Finally, since Xt − f([X,X]t) is sticky with respect
to the filtration (F˜[X,X]t)t≥0 and F is subfiltration of (F˜[X,X]t)t≥0, the result follows by Remark 1. 
The next example demonstrates that not all semimartingales are sticky.
Example 5. Let Xt =
∫ t
0 HsdBs, where B is a standard Brownian motion, and let
Hs =
{
1
1−s when s ≤ τ
⋆,
1 when s > τ⋆,
in which τ⋆ = inf{t ≥ 0 : |
∫ t
0
1
1−sdBs| > 2}. Observe that τ
⋆ ≤ 1. Choosing τ = 0, A = Ω, T = 1, ε = 1
we have that P (A∩{supt∈[τ,T ] |Xt−Xτ | ≥ ε}) = 0. Due to Proposition 1 we conclude that the martingale
X is not sticky.
The main use of Proposition 4 is to create examples of sticky processes that are not semimartingales.
For example it can be used along with Proposition 2 to give the following example.
Example 6. Let M be a continuous local martingale with [M,M ]t is bounded for each t, M0 = 0 and
limt→∞[M,M ]t = ∞. The process Xt = |Mt|
1
3 is not a semimartingale; see Theorem 72 on page 221 of
[7]. However, it follows from Propositions 2 and 4 that X is sticky.
It should be noted that Xt − f([X,X]t) in Proposition 4 does not have to be a semi-martingale as we
see in the next example.
Example 7. Let Bt be a Brownian motion and define τ = inf{t ≥ 0 : |Bt| ≥ 1}. Consider Xt =∫ t
0 Bs∧τdBs − h(
∫ t
0 B
2
s∧τds) in which h(x) = xcos
π
x
when x 6= 0 and h(0) = 0. The process X is not
semimartingale (since the total variation of h is unbounded on any interval [0, b] for b > 0); however, it
is sticky thanks to Proposition 4.
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